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1 Problem description and assumptions

Consider the problem

min (f + h)(z)
s.t. Ax =b

where
e f:R"™ — R is a L-smooth convex function on R"
e h € Conv (Rn)
e A:R™ — R™ is a nonzero linear operator and b € R™

e set of optimal solutions is nonempty

Optimality condition: Z is an optimal solution if and only if there exists p € R™
such that (x,p) = (&, p) satisfies

Vf(xz)+0oh(x)+A*p>30, b—Ax=0



Hence, z = (z,p) is a solution of the inclusion
0eT(z)

where

T(z) = T(x,p) = [ wl()m_) Z;ﬁp ] + [ (%éx) ]

Observe that T is of the form
T(z) = F(z) + 9g(2)
where, for every z = (z,p) € R” x R™,

F(z) = F(x,p) := [ szgx—) Z;*p }

and g(2) = g(z,p) == h(z).

Since F' is a continuous monotone operator and g is continuous, it follows that T is
maximal monotone



2 Augmented Lagrangian Method

For a given 8 > 0, define
. _ T ﬁ 2
Ly(z;p) = (f + h)(z) +p" (Az = b) + T [ Az — b]

2.1 Exact version

Algorithm 1 (Exact Prox ALM)

0. Given (xg,po) € R™ x R™ and symmetric positive semidefinite matrix Q €
Rnxn
1. Compute

1
: /. N 2
z € Arg min L (2 po) + 5ll2" — zollg. 1)

2. Set
p=po+ B(Az —b)

3. Set (zg,po) < (x,p) and go to step 1

where

Il =v{, Q)

Optimality Condition for (1):
0 € Vf(z)+ Oh(z) + A" [po + B(Az — b)] + Q(z — zo)
and hence

0 Vf(x)+0oh(x)+ A"p+ Q(x — xg) (2)
p = po + B(Azx —b)

or equivalently,
Q(xzo —z) € Vf(x)+ Oh(z) + A™p

Po—Pp
—— =b—Azx
B

which is an exact prox iteration of the form

Vw(zp) — Vw(z)
A

e T(z)
where A =1, 2y = (20, p0), 2 = (z,p),
1, 1o 1 9
w(z,p) = §||37HQ + %HPH

and

1) =gy | VAP ] L[



2.2 Inexact version

For a given 8 > 0, define

Ly(aip) = (f +)(a) + 5" (Ax — b) + 2 | Az — b]?

Algorithm 2 (Inexact Prox ALM)

0. Given (xg,po) € R™ x R™ and symmetric positive definite matrix @ € R™*"
1. Compute

~ . 1 2
T~ Arg min Lg (2" po) + 5[l = wollg- (3)
2. Set
p=po+ B(AT — ) (4)

3. Set (x0,p0) « (Z,p) and go to step 1

For some o € (0,1), assume that Z € domh is an approximate solution of (3) in
the sense that there exists v € R™ such that

ve0 (Lot + 51—l ) @)
[3]]8-1 < o (IZ — 2ollg + Bl AT — b]?) ()
The above inclusion implies that
0 e Vf(&)+ Oh(T) + A" [po + B(AZ — b)] + Q(T — x0)
and hence that
e Vf(Z)+0hz)+A'p+ Q(T — x0) (6)

Defining
o= Q ',
it follows that the previous inclusion is equivalent to

Qzo+a—2) e Vf(Z)+ Oh(Z)+ A'p

Letting

8
I
2
|
I3

we have

Q(xzo —x) € Vf(Z)+ 0h(Z) + A™p
]% —b— AF

which is an inexact prox iteration of the form

Vw(zp) — Vw(z)
A

eT(2)
where A = ]-7 20 = ($0,p0), Z= (xvp)v zZ= (iap)v

1 1
w(z,p) = 5[l + %lelz,

4



1) =T = | V1A ][99

Now
B 1 5 1 1 . 15} -
(0):0(2) = 500 = 3l + 510 = ol = Fllan = 7l + 1147 = bl

and i i )
(dw)-(2) = 5lle — 7% = Sl = 5 ol
Thus, it follows from (5) and the above two identities that
(dw).(2) < 02(dw)ZU (%)

So, the Inexact Prox ALM is a special case of the generalized HPE framework.
According to the HPE convergence theory, the residual
) .: < Q(Tr—1 — 71) >

N\ B (k-1 — i)

(Ir*]1.)* = O(1/k)

Now consider the operator P : R” x R™ — R" x R™

satisfies

P(z,p) = <va7 ;p)

and note that 1
w(w,p) = gH(qu)H%‘

Then, P~ is
P (y,q) = (Q 'y, Bq)

Now, if || - || = || - || p for some positive definite operator P, then we know that

11l =11 lp-»
Hence, it follows that

||P—1/2Tk||2 _ (||7Ak||P*1)2 — ||7"Ic||* = O(l/k)

Thus
|Q 2k |12 + BllrS |12 = O(1/k)
So
Ib— Az*) = Il = © (1/v/BE)
and
vk € V(n) + Oh(En) + Apr, QY2 = 0 (1/VE)
so that

Irtl = o (IQIM2/VE)



